We consider the quantum information metric of a family of CFTs perturbed by an exactly marginal operator, which has the dual description of the Euclidean Janus geometries. We first clarify its two dimensional case dual to the three dimensional Janus geometry, which recently appeared in arXiv:1507.07555. We generalize this correspondence to higher dimensions and get a precise agreement between the both sides. We also show that the mixed-state information metric of the same family of CFTs has a dual description in the Euclidean version of the Janus time-dependent black hole geometry.
Introduction
There has been a lot of progress in understanding the AdS/CFT correspondence [1] . However the details of the dictionary in application of decoding general gravity backgrounds are far from complete. The recent proposal [2] of quantum information metrics and their dual gravity descriptions (see also [3] for the related works) is one such example of new dictionary which may shed new light on this issue.
Information metric or fidelity susceptibility of quantum system measures the distance between two infinitesimally different quantum states |ψ(λ) and |ψ(λ + δλ) where λ is a parameter describing a family of perturbed quantum system (see [4] and the review [5] ). The fidelity of the perturbation is defined by the inner product of these states,
measuring the overlap of the two states where the quantum information metric G λλ is defined as the coefficient of −δλ 2 . This has an application in understanding the quantum phase transitions or, in general, characteristic response of quantum system under some parametric perturbation. One of the prime examples of this correspondence in [2] involves two dimensional CFTs perturbed by an exactly marginal scalar operator and their gravity dual given by the Euclidean three dimensional Janus system. Originally the Janus geometry [6] is dual to an interface CFT where the boundary values of the scalar field dual to an exactly marginal operator jump across the interface and has many other applications including the physics of Janus time-dependent black holes (TDBH) [7, 8] .
In this note, we would like to extend this correspondence in two ways. First, we generalize the above correspondence to arbitrary dimensions. Namely the information metric of d + 1 dimensional CFTs perturbed by an exactly marginal scalar operator will be dual to the d + 2 dimensional Euclidean Janus geometry. Below we shall make this clear by matching the two sides in a rather precise manner. Next we consider the mixedstate information metric [9] that measures an infinitesimal distance between two thermal states labeled by perturbations of the underlying quantum system 1 . In the field theory side, we shall consider again two dimensional CFTs perturbed by an exactly marginal scalar operator but, now, at finite temperature. The thermal state will be described by the thermal density matrix whose trace corresponds to the standard thermal partition function. Its gravity dual will be identified with the Euclidean Janus time-dependent black hole. Indeed the Lorentzian Janus TDBH involves two causally separate boundary spacetimes, on each of which a CFT lives [8] . The values of the coupling of the exactly marginal scalar operator of these CFTs differ from each other. In the field theory side, the system is described by the tensor product state of the two CFTs which is entangled initially in a manner appropriate to describe the mixed state fidelity. From the view point of the one boundary CFT, its time evolution describes the thermalization of an initial out-of-equilibrium perturbation [8] . We shall argue that the Euclidean version of this Janus TDBH geometry describes the mixed-state information metric if one introduces a regularization in a particular manner. We further generalize this Euclidean Janus TDBH correspondence to higher dimensions where the corresponding CFTs are defined on S 1 ×Σ d with d > 1 where Σ d is the hyperbolic space which can be made to be compact by an appropriate quotient by its symmetry action.
Information metric and Euclidean Janus
We begin by first clarifying the analysis in Ref. [2] for the 2D case which has the dual description of the 3D Euclidean Janus geometry. We then generalize this correspondence to higher dimensions. Let |Ω i (i = 1, 2) describe the ground state of d + 1 dimensional CFT i on R 1+d whose Lagrangian density and Hamiltonian are denoted by L i (λ i ) and
Then the fidelity is defined by
where Φ collectively denotes the field content of the underlying field-theory and Z i is the partition function of the corresponding Euclidean system. Let us assume the perturbation is given by the primary operator as
with δλ = λ 2 − λ 1 and we would like to compute the regularized inner product F = | Ω 2 ( )|Ω 1 | where the regularized state |Ω 2 ( ) is defined by
With this set-up, the information metric is identified in terms of the two-point correlation function as
We then specialize to the case of scalar primary operator of dimension ∆ for which the two-point function is given by
In order to match with the gravity description, we shall take the normalization
where η = 1 16πG
, with the d + 2 dimensional Newton's constant G, and is the AdS radius scale. In the AdS/CFT correspondence, there exists a bulk scalar field dual to the scalar primary operator O of dimension ∆ and the above normalization follows from the bulk scalar action whose kinetic term is normalized as
By the straightforward computation, the information metric of the perturbation can be identified with
where V d is the spatial volume of R d . We assumed here 2∆ − (d + 2) > 0, otherwise one needs further IR cut-off dependence. When the deformation is by an exactly marginal operator of dimension ∆ = d + 1, the expression is further reduced to
which will be compared to the gravity side below. In these expressions, we see that the information metric scales linearly as the spatial volume V d of the spacetime on which the state is defined. Let us now turn to the dual gravity side. The dual geometry is described by the AdS Einstein-scalar system described by the action
where is the AdS radius scale. In three and five dimensions, this system can be consistently embedded into the type IIB supergravity and, hence, via the standard AdS/CFT correspondence, the microscopic understanding of the underlying system is allowed [6, 7] . But we shall not discuss this direction any further in this note. The scalar field here corresponds to an exactly marginal scalar operator in the field-theory side, which is further identified as a Lagrange density operator in the above type IIB supergravity examples.
For three dimensional case, we review the computation in Ref. [2] with a slight refinement. The relevant Janus solution is given by
where f (y) = 1 2
and we choose the AdS 2 metric that of the Euclidean Poincaré patch given by ds
with the identification φ(−∞) = λ 1 and φ(∞) = λ 2 . For the regularization of the on-shell gravity action, we introduce a pure AdS metric given by
To match the Janus geometry at ±y ∞ with the above reference metric at ±ŷ ∞ , the matching condition can be read off as
With this preparation, the on-shell gravity action is evaluated as
where the factor Γ γ is given by the integral
We shall subtract the reference contribution of Γ 0 =ŷ ∞ + 1 2 sinh 2ŷ ∞ . The AdS volume factor will also be regularized as
where 0 is the cut-off in the gravity side. Thus the difference of the on-shell gravity action is evaluated as I γ − I 0 = 16πG
Using F bulk 0 = e −(Iγ −I 0 ) , the corresponding information metric is identified as
which agrees with the field-theory computation in (2.8) if one identifies 0 = 2 . This identification of the cut-off scales may look rather ad hoc since any numerical discrepancy may be absorbed into the proportionality coefficient. However, we shall show below that precise match holds even for the general dimensional case with the same identification of and 0 . One comment is that the above can be given in terms of purely field-theoretic quantity noting the relation η = c 24π where c is the central charge of the two dimensional CFT.
For the general dimensions, again the gravity dual of an exactly marginal operator deformation is described by the gravity action in (2.9). The relevant Euclidean Janus solution can be given as
where
2d+2 and q * denotes the smallest positive root of P (q * ) = 0.
q ± is ranged over [0, q * ] and γ here is the deformation parameter, which is ranged over the
. We shall again choose the AdS d+1 part as the Euclidean Poincare patch whose metric is given by ds
. In this geometry, g ± → 0 correspond to asymptotic regions where the values of the scalar field become φ + = λ 2 and φ − = λ 1 , respectively describing the deformations of the boundary CFT by the corresponding operator. We shall match the + and the − patches at q ± = q * where the geometry can be smoothly joined. There are many ways of parameterizing the Janus solutions but, for the present purpose, we find that the above explicit one is most convenient. To the leading orders of γ, the difference of the boundary values of the scalar field is given by
As in the d = 1 case, the on-shell action can be evaluated as
where we introduce a cut-off q as ± = q to regulate the infinite contribution of the asymptotic region. The way to proceed is the same as before. We introduce the reference metric of pure AdS spacetime . Then Γ γ can be rewritten as
Further noting q
, it is straightforward to expand Γ γ as a power series of γ. With some further algebra, the difference becomes
to the order γ 2 where 2 F 1 (a, b, c, x) is the hypergeometric function. Since the leading singular contributions of Γ 0 and Γ γ are of order
, there are many additional singular terms in Γ 0 and Γ γ in general. Then the above computation implies that, up to the order γ 2 , all those coefficients of the singular terms in Γ 0 and Γ γ cancel against with one another precisely . We find this fact remarkable! We regulate the AdS volume in the same way as before; The resulting volume is evaluated as
From 
which agrees with the field-theory result in (2.8) if one identifies 0 = 2 .
Janus TDBH and mixed-state information metric
The mixed-state fidelity is similarly defined by
where ρ i represents a thermal density matrix given by
and λ is parameterizing perturbation by some operator of the underlying quantum system. The temperatures may differ from each other in general but we shall specialize in the case where β 1 = β 2 = β. The mixed state information metric is defined by [9] 
which measures an infinitesimal distance between the two thermal states. We consider again the case where the underlying theory is given by the CFT which is perturbed by some primary operator with L 2 − L 1 = δλ O(τ, x) as before. We shall introduce a regularization of the second density matrix by
Compared to the pure state case, the cut-off looks a bit unusual since its total size is doubled. This may be understood as follows; One can view that ρ ] covering full thermal-circle of S 1 which is β periodic. To be consistent with the periodicity, one has to introduce the cut-off at both ends of the intervals I 1 and I 2 specified respectively by
due to the periodicity. With this preliminary, the mixed-state information metric is identified as
. Here the average is defined with the thermal density matrix ρ 1 as • = tr • ρ 1 . To evaluate the above mixed-state information metric, we assume that the one-point function vanishes and specialize in the case of the two dimensional (d = 1) CFT. The two-point function is given by
which appeared in [12, 13] in the AdS/CFT context. Then the corresponding information metric can be evaluated in a straightforward manner. Again for 2∆ − (d + 2) > 0 with d = 1, its most singular part comes from the regions near
Therefore, one has G λλ (d = 1) = 2G λλ (d = 1) + · · · where dots represent the less singular contributions. For general dimensions with d > 1, one can argue that the short-distance structure of the two-point function remains the same as that of the pure state case. Since the shortdistance regions of the thermal two-point functions occur near x 1 − x 2 ∼ 0, τ 1 − τ 2 ∼ 0 or β, one finds again G λλ (d) = 2G λλ (d) + · · · even for the higher dimensions.
In the gravity side, we shall focus on the case of CFT system perturbed by an exactly marginal operator as before. Below we shall argue that the natural candidate of the gravity dual of the mixed-state information is given by the Euclidean version of the Janus TDBH solution, which is the solution of the Einstein scalar system in (2.9). It still takes the form in (2.10)
but the AdS 2 part is replaced by the two metric
where −∞ < ρ < ∞. The form of the scalar field φ(y) also remains the same as that in (2.10). α here may be taken arbitrary but is chosen as α = 2π β in order to match the coordinate x with that of the boundary CFT. For general dimensions with d > 1, while all the rest intact, we simply replace the AdS d+1 part in (2.19) by
where ds
is the d dimensional hyperbolic space, with unit radius, which can be made compact by an appropriate quotient. Then this higher dimensional Euclidean Janus TDBH solution can be dealt by the treatment below but let us here focus on the d = 1 case for definiteness. Introducing a new coordinate ν defined by cosh ρ = 1 sin ν , the above two metric becomes
where 0 ≤ ν ≤ π. In Figure 1 , we depict the conformal shape of the Euclidean geometry in (y, ν) space. There the ν coordinate runs upward from the point B to A whereas the y coordinate from the left to the right semi-circles. Namely y = −∞ corresponds to the left boundary whereas the y = ∞ corresponds to the right boundary, which are joined at the points A and B. We introduce the Euclidean time coordinate τ = ν α
− 0 ] where 0 is the cut-off in the gravity side. In relation with the boundary field-theories, the left boundary Euclidean time coordinate is given by
− 0 ] with the cut-off introduced. The evaluation of the Euclidean action can be performed in a similar manner as before leading to
The regulated volume reads
where dots represent any nonsingular contributions. Therefore, again from F we shall not go to this direction any further. For the match of the finite parts or in general the less singular contributions of the gravity and the CFT results, perhaps one needs a better way of matching the regularization of the both sides. The regularization here does not appear to be related to any renormalization of the underlying system. We leave further investigation of this issue for the future problem. The Lorentzian geometry is given by the analytic continuation ρ → ip and the metric takes the form ds
. The boundary time coordinate is related by sin p = tanh αt with t ∈ (−∞, ∞). This Lorentzian geometry has a time reflection Z 2 symmetry of t → −t. The lower half of the Euclidean geometry in Figure 1 can be smoothly joined to the upper half of the Lorentzian geometry with t ≥ 0. This picture provides us with the initial quantum state dual to the geometry [8] following the idea of the Hartle-Hawking construction of the wavefunction [14] . Since there are two separate boundary spacetimes in the Lorentzian geometry, the relevant Hilbert space consists of H 1 × H 2 . Using the standard dictionary of the AdS/CFT correspondence of the Euclidean geometry, the Euclidean time evolution along the boundary of the lower half geometry is identified as the evolution operator U = e where |E (i) n is the energy eigenstate of H i respectively and Z = tr U † U (see [13] for the construction initial state for the case of BTZ black hole). Further Lorentzian time evolution is given by |ψ(t 1 , t 2 ) = e −i(t 1 H 1 ×I+t 2 I×H 2 ) |ψ where t i is the i-th boundary time coordinate. This time-dependent geometry describes the physic of thermalization. The geometry in the far future approaches that of the BTZ black hole with the equilibrium temperature β −1 . The one-point function of the exactly marginal operator dual to the scalar field can be computed from the both sides leading to [8] O ∆=2 (it, 0) = c 12π γ α 2 cosh 2 αt (3.14)
Thus the geometry describes the thermalization of an initially out-of-equilibrium state by an exponential relaxation of the perturbation in the far future. From this construction, it is clear that Z = e −I can be identified as the partition function of the full Euclidean geometry including the lower and the upper halves at the same time. Then the mixed-state fidelity that is defined by
is naturally identified as in the gravity side where the relation Z i = e −I i is used. Hence the problem is reduced to the regularization problem to match the less singular contributions of the both sides, which presumably requires a set-up different from that of the present note. Further investigation is required in this direction.
